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TONG HOP PHUONG PHAP GIAI BAl TOAN MIN-

MAX CUA MODUN SO PHUC

Bai todn tim gid tri I6n nhat (GTLN) va gid tri nhé nhat (GTNN) cla modun s6
phic la mot dang todn van dung cao thuong xuat hién trong cdc dé thi THPT
Quéc Gia. Nam viing cac phuong phap gidi sé gilp hoc sinh tu tin chinh phuc

dang bai nay.

1. Kién thuc nén tang can nhé
1. Pinh nghia va tinh chat cia Modun

e Cho sb phitic z = a + bi (a, b € R), modun cua z, ky hiéu la |z|, dugc dinh

nghia badi cong thuc: |z| = V(a2 + b?).

Y nghia hinh hoc: Trong mat phang phitc Oxy, mdi sé phiic z = a + bi dugc
bi€u dién bdi diém M(a; b). Khi dé, modun cta z chinh la khodng céch tir goc

toa d6 O dén di€ém M: |z] = OM.

e Modun cua hiéu hai s6 phuc |z1 - 22| chinh la khodng cach gilta hai diém M
va M2z biéu dién cho hai sé phic z1 va z2. |21 - 22| = MiMa.

2. Cac tinh chat quan trong

e |z| = 0 véi moi sO phirc z, |z|l =0 z=0.

e |Z] = |2|.

o |2122| = |z1]|z2]|.

Vidocu.com - Chia sé tai liéu hoc tdp mién phi Trang 1/7



e |z1/z2| = |z1|/|z2| (VGi zz = 0).

e Bat dang thuc tam gidc:||z1| - |z2|| = |z1 £ z2| = |z1| + |z2|. D&u "=" x&y

ra khi zi1 = kzz véi k 1a moét sé thuc.

Il. CAc phuong phap gidi bai toan Min-Max Modun

Phuong phap 1: St dung hinh hoc giai tich

Pay la phuong phdp manh va truc quan nhat. Y tudng |a chuyén bai todn tu

ngon nglr s6 phic sang ngon ngl hinh hoc toa dé Oxy.

1. Goi M(x; y) la diém biéu dién s6 phiic z = x + yi.

2. Tu diéu kién cua bai toan, tim tap hgp cac diém M. Tap hgp nay thudng la
dudng thang, dudng tron, elip,...

3. Yéu cau cla bai todn (tim Min-Max cua |z - zo|) sé tuong duong véi viéc tim
Min-Max cla khodng cach AMo, trong dé A la mét dié€m co dinh bi€u dién zo.
Vi du 1: Cho so6 phirc z théa man |z - (3 + 4i)| = 2. Tim gia tri I6n nhat va gid tri

nho nhat cua |z|.

e Phan tich: Goi M(x; y) la diém biéu dién z. Diéu kién |z - (3 + 4i)| = 2 cb
nghia la diém M thubc duong tron (C) c6 tam 1(3; 4) va ban kinh R = 2. Bai
toan tré thanh tim GTLN, GTNN ctda OM.

o Giai:

o Tacéd Ol =V(32+ 42) =5,
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o Diém M di chuyén trén dudng tron (C). Khoang cadch OM I6n nhat va nhéd

nhat khi M nam trén dudng thang Ol.
o IZlmax=OMmax=0|+R=5+2=7.

OIZImin=OMmin=OI'R=5'2=3.

Vi du 2: Cho s6 phic z thda man |z -1 - 2i| = |z -5 + 2i|. Tim gia tri nhé nhat

cua |z + 3 -il.

e Phan tich: Goi M(x; y) la diém biéu dién z. A(1; 2) biéu dién s6 phic 1 + 2i.
B(5; -2) bi€u dién s phirc 5 - 2i. Diéu kién |z - (1 + 2i)| = |z =(5 - 2i)| tuong
duong MA = MB. Vay M thubc dudng trung truc (d) ctia doan thang AB. Bai
todn yéu cau tim GTNN cda |z - (-3 + i)|, tlc la tim GTNN cla khodng céch
MK, vGi K(-3; 1).

e Giai:

o Phuaong trinh duong trung truc (d) cda AB: di qua trung diém I(3; 0) cla AB
va cO vector phap tuyén la AB—(4; -4) // (1; -1). Vay (d): 1(x - 3) - 1(y - 0)

=0ex-y-3=0.
o MK nhd nhat khi M la hinh chiéu cta K 1&n (d).

o |z + 3 - i|min = MKmin = d(K, d) = [(-3) - 1 - 3| / V(12 + (-1)2) = 7/V2 =

7V2/2.
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Phuong phap 2: S& dung phuong phap dai s6 (Thé va khdo sat ham sé)

Phuong phap nay phu hgp khi moéi quan hé hinh hoc khéng ré rang hoac kho vé.

Y tudng la dat z = x + yi, thay vao diéu kién dé tim méi lién hé gilta x va y, sau

do bi€u dién dai lugng can tim Min-Max theo mét bién va khao sat ham sé.

1. batz = x + vyi.

2. TU diéu kién bai toan, rut mot bién theo bién con lai (vi du: rat y theo x).

3. Thay vao biéu thirc P can tim Min-Max dé dugc mot ham s6 mot bién (vi du: P
= f(x)).

4. Tim mién gia tri cha bién dé va tién hanh khao sat ham sé (tinh dao ham, lap
bang bién thién) d€ tim GTLN, GTNN.

Vi du: Cho s6 phic z thda man |z - 2 - 4i| = |z - 2i]. Tim modun nhé nhat cla z.

o Giai:

oPatz =x+yi. Tacé: [(x-2) + (y-4)i| = |x + (y - 2)i|

& (X-2)2+(y-4)2=x2+(y-2)?

o

oo X?-4x+4+y?-8y+16=x>+y?2-4y + 4

o -4x -4y +16=0ex+y-4=0eoy=4-Xx,

O

Tacan tim GTNN cla |z] = V(X2 + y?). TaxétP = |z = x>+ y2 = x2 + (4 -

o

X)? = 2x? - 8x + 16.
o Pay la moét parabol cé dinh tai x = -b/(2a) = -(-8)/(2*2) = 2.

oKhix=2,y=4-2=2.
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o Pmin = 2(2)? - 8(2) + 16 = 8.

o Vay |Z|min = V8 = 2V2 khiz = 2 + 2i.

Phuong phdp 3: St dung bat dang thic Modun
Phuong phap nay hiéu qud cho cac bai todn ma biéu thic va diéu kién.cé dang
tong/hiéu cadc modun.
e S dung bat dang thic tam giac: ||z1] - |zz2|| = |21 £ z2| = |za] + |22].
e Dau "=" xay ra khi z1 = kzz véi k la s6 thuc (hai vector bi€u dién cuing
phuong).
Vi du: Cho s6 phic z thda man |z - 2 + 2i| = 1. Tim GTLN, GTNN cta P = |z].
e Gidi:
o Ap dung BDT tam gidc, ta cé:||z| - |2 = 2i| | = |z - (2 - 2i)|.
o |2 -2i] = V(2% + (-2)?) = 2V2.
ol||z|-2v2 | = 1.
oe-1=|z|-2V2 = 1.
oe@2V2-1=|z|=2V2 + 1.

o Véy Pmax = 2V2 + 1 va Pmin = 2V2 - 1.

Phuong phap 4: Luong giac hda

Phuong phép nay dac biét hitu ich khi tdp hgp diém M bi€u dién z [a mot duong

tron.
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e Néu M thudc dudng tron tam O, ban kinh R, tic |z| = R, ta dat z = R(cose +
i sing).

e Néu M thudc dudng tron tam I(a, b), ban kinh R, tlic |z - (a+bi)] = R, ta dat z -
(a+bi) = R(cosg + i sing) =z = a + Rcose + (b + Rsing)i.

e Sau do thay vao biéu thic can tim Min-Max va khao sat ham lugng giéc theo
bién ¢.

Vi du: Cho s6 phirc zthéa man |z] = 1. Tim GTLN cta P = |1+ z| + 3|1 - z|.

e Giai:
o Vi|z| =1, tadat z = cosg + i sing.

o |1+ z| =|(1+ cos@) + ising| = V((1+cosg)? + sin2@) = V(1 + 2cose +

C0s2@ + sin2@) = V(2 + 2cos@) = 2|cos(@/2)|.

o |1-2z| =[(1-cos®)-ising| =v((1-cos@)? + sin2@) = V(1 - 2cosg + cos?¢ +

sin2@) = V(2 - 2cosg) = 2|sin(¢/2)|.

o Vi@ € [0, 2n], ta c6.thé chon @/2 € [0, 1] nén cos(/2) va sin(p/2) cb thé
am hoac duong, nhung dé don gian, ta xét trén mot khoang déi xiing. P =

2|cos(@/2)| + 6|sin(@/2)].

o Ap dung BDT Bunyakovsky: (2|cos(9/2)| + 6|sin(9/2)])? = (22 +

62)(cos?(@/2) + sin?(p/2)) = 40 * 1 = 40.
o Suy ra P = v40 = 2v10.

] Véy Pmax = 2\/10
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IlIl. BAng téng két cdc phuong phdp

Dau hiéu nhan biét

Uu di€ém

Nhuoc di€m

Hinh hoc

giai tich

Dai so
(Khao sat

ham soé)

Bat dang

Luong

giac hoa

Diéu kién cho z quy
vé phuong trinh

duong thang, duong

tron, elip quen thudc.

Khi cé thé rat duoc
mot bién (x hoac y)
theo bién con lai mot

cach tuong minh.

Bi€u thurc va diéu
kién c6 dang
tong/hiéu cla cac

modun.

Piéu kién cho z cé
dang |z - zo| = R (quy

tich la duong tron).
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Truc quan, dé
hinh dung, giai
nhanh cac bai
toan quen

thudc.

Téng quat, ap
dung dugc cho

nhiéu dang bai.

Loi giadi rat ngan

gon, thanh lich.

Dua bai todn vé
khao sat ham
lugng giac, mét
dang quen

thudc.

Khé dp dung néu quy
tich phic tap, doi hoi

tu duy hinh hoc tét.

Tinh toan cé thé dai
dong, phic tap, dé

nham lan.

Can nhan dang dung
BDT va diéu kién xay
ra dau "=". Khoéng

phai lic nao cling ap

dung dugc.

Bién d6i lugng gidc co

thé phurc tap.
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