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Chuyén dé Tich phan va Ung dung (Dién tich -
Thé tich)

Tai liéu nay téng hgp toan b kién thic cot 16i vé Nguyén ham, Tich phan va céac
ing dung quan trong trong viéc tinh toan dién tich hinh phang va thé tich véat
thé tron xoay, gitp hoc sinh nam viing nén tadng va van dung hiéu qua trong

cac ky thi.
A. NGUYEN HAM

1. Pinh nghia Nguyén ham

Ham s6 F(x) dugc goi la mot nguyén ham cta ham so f(x) trén khodng K néu

F'(x) = f(x) v&i moi x thudc K.
e Coéng thuc téng quat:ff(x)dx = F(x) + C
e Giai thich: Néu F(x) la m6t nguyén ham cua f(x) thi moi nguyén ham cua

f(x) déu cé dang F(x) + C, véGi C la moOt hang sé bat ky. Ky hiéu [f(x)dx la ho

tat cd cdc nguyén ham cua f(x).

Vi du 1: Tim mot nguyén ham cua f(x) = 2x.
Giai: Ta co (x?)' = 2x. Vay F(x) = x2 la mbét nguyén ham cua f(x) = 2x. Ho

nguyén ham la [2xdx = x? + C.

Vi du 2: Ham s6 F(x) = sin(x) cé phai la nguyén ham cua f(x) = cos(x) khong?

Giai: Co, vi F'(x) = (sin(x))' = cos(x) = f(x).
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2. Tinh chat ciia Nguyén ham

1. (Jf(x)dx)' = f(x): Pao ham clia mot nguyén ham bang chinh ham sé dudi

dau tich phan.

2. [k.f(x)dx = k.[f(x)dx (v3i k la hang s6 khéc 0): Cé thé dua hang s6 ra ngoai

dau nguyén ham.

3. JI[f(x) £ g(x)ldx = [f(x)dx = [g(x)dx: Nguyén ham cla mdt téng (hiéu)

bang téng (hiéu) cac nguyén ham.

Vi du: Tim nguyén ham cula f(x) = 3x2 - 4cos(x).
Giai: Ap dung tinh chét, ta cé:

J(3x2 - 4cos(x))dx = [3x2dx - [4cos(x)dx

= 3[x2dx - 4[cos(x)dx

= 3(x3/3) - 4(sin(x)) + C

= x3 - 4sin(x) + C.
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3. Bang nguyén ham cua cac ham sé6 thuong gap

Ham so f(x) Nguyén ham [f(x)dx

0 C (hang so0)

1 x+ C

x% (a0 # -1) x®*tLj(a+1) + C
1/x In|x| + C

e* eX + C

a* (a>0, a=1) a*/In(a) + C
cos(x) sin(x) + C
sin(x) -cos(x) + C
1/cos?(x) tan(x) + C
1/sin%(x) -cot(x) + C

Bang nguyén ham mad rong (ham hop):

o [(ax+b)%dx =(1/a) * [(ax+b)*t1/(a+1)] + C
e [(1/(ax+Db))dx = (1/a) * InJax+b| + C

o [e@XFDyy = (1/a) * @%b 4 C

e [sin(ax+b)dx = -(1/a) * cos(ax+b) + C

e [cos(ax+b)dx = (1/a) * sin(ax+b) + C
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B. TICH PHAN

1. Dinh nghia Tich phan (Cong thuc Newton-Leibniz)

Néu f(x) lién tuc trén doan [a, b] va F(x) la mot nguyén ham cuda f(x) trén doan

do, thi tich phan tir a dén b cla f(x) dugc dinh nghia la:

e Cong thuc:[a° f(x)dx = F(b) - F(a)

e Giai thich: Gié tri cla tich phan xac dinh la hiéu sé cta giéa tri nguyén -ham
tai can trén (b) va can dudi (a). K&t qua la mot hang s6, khéng phu thubc vao

bién sb X.

Vi du 1: Tinh | = [o* 3x2dx.
Giai: Mot nguyén ham cua f(x) = 3x2 la F(x)' = x3.

Vay | = F(1) - F(0) = 13- 03 = 1.

Vi du 2: Tinh ] = [o™(11/2) cos(x)dXx.

Gidi: MOt nguyén ham cua f(x) = cos(x) la F(x) = sin(x).
Vay ] = F(n/2) - F(0) = sin(m/2) -sin(0) =1-0 = 1.

2. Tinh chat cua Tich phan

1. Ja2 f(x)dx.= 0

2. [ab f(x)dx = -fg2 f(x)dx

3. [aP f(x)dx = [ac f(x)dx + [cP f(x)dx (v&i a c b)

4. [a° k.f(x)dx = k.[aP f(x)dx

5. [P [f(x) £ g(x)]dx = [a® f(x)dx £ [a® g(x)dx

6. Néu f(x) = 0 trén [a, b] thi [a° f(x)dx = 0.
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Vi du: Cho [o? f(x)dx = 5 va [o? g(x)dx = -2. Tinh | = [o? [2f(x) + 3g(x)]dx.
Gidi: | = 2[0? f(x)dx + 3[0? g(x)dx = 2(5) + 3(-2) = 10-6 = 4.
3. Cac phuong phap tinh Tich phan

a. Phuong phap doi bién sé

Dang 1: Pat t = u(x)

1. batt = u(x).

2. Tinh vi phan: dt = u'(x)dx.

3. PGican: x =a->t=u(a); x=b -t = u(b).

4. Biéu dién f(x)dx theo t va dt.

5. Tinh tich phan theo bién t.

Vi du: Tinh | = [o* x(x2+1)2dx.

Giai:

1. batt=x%2+ 1.

2. Vi phan: dt = 2xdx - xdx = dt/2.
3.D6icdn:x=0->t=1;x=1-t=2.

4.1 = [12 12 (dt/2) = (1/2) [1? t2dt.

5.1=(1/2) *[t3/3]:2 = (1/2) * (8/3 - 1/3) = 7/6.

Dang 2: Pat x = u(t) (Luong giac héa)

Thuong dung khi biéu thdc dudi dau tich phan cé dang V(a2-x2), V(x2-a2),

V(x2+a?), x2+a2.
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Vi du: Tinh | = [o* V(1-x?)dx.

Giai:

1. bat x = sin(t), véi t € [-/2, 1/2].

2. Vi phan: dx = cos(t)dt.

3.D6ican: x=0-t=0;x=1-t=mn/2.

4. V(1-x?) = V(1-sin?(t)) = |cos(t)]. Vi t € [0, /2] nén cos(t) = 0, do dé |cos(t)| =
cos(t).

5.1 = [o™(1/2) cos(t) * cos(t)dt = [o™(11/2) cos?(t)dt = [o™(1/2) (1+cos(2t))/2 dt

= (1/2) * [t + (1/2)sin(2t)]o™(11/2) = (1/2) *[(n/2 + 0) - (0 + 0)] = /4.
b. Phuong phap Tich phan tiung phan

Dung khi ham dudi dau tich phan la tich cta hai loai ham khac nhau (da thuc,

log, m, lugng giac).
e Cong thuc:[a" u dv = [uv]a® - [aP v du

e Cach dat u va dv: Uu tién dat u theo thir ty "Nhat Log, Nhi Da, Tam Luong,

T MO" (Logarit, Da thic, Lugng giac, M{). Phan con lai la dv.

Vi du: Tinh | = [o! x.eXdx.
Giai:

Theo quy tac, ta dat:

U =X - du = dx

dv = eXdx » v = ¥

Ap dung cbéng thuc:

| = [x.eX]Jo! - [ol eXdx

= (1.e! - 0.e°) - [eX]o?
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=e-(et-e%) =e-e+1=1.

C. UNG DUNG CUA TiCH PHAN

1. Tinh dién tich hinh phang

a. Hinh phang giéi han béiy = f(x), trucOx, x =a,x=b

Dién tich hinh phang (H) gigi han bai dé thi ham sé y = f(x), truc hoanh (y=0)
va hai dudng thang x=a, x=b.

e CONng thuc:S = [a* |f(x)]| dx

e Luu y: D& phéa dau gia tri tuyét doi, ta xét dau cda f(x) trén doan [a, b]. Néu

f(x) khong déi dau trén [a, bl, S = |[a? f(x) dX|.

Vi du: Tinh dién tich hinh phang gigi han béi dé thi y = x2, truc Ox, va hai
duong thang x=0, x=1.

Giai: Trén doan [0, 1],y = x2 = 0.

S = [o! [X?|dx = [o! x2dXx = [x3/3]o' = 1/3 -0 = 1/3 (dvdt).

b. Hinh phang giéi han béi hai dé thiy = f(x) vay = g(x)

Dién tich hinh phang (H) gi6i han bdi hai dé thiy = f(x), y = g(x) va hai dudng
thang x=a, x=Db.

e CONng thuc:S = [a* |f(x) - g(x)| dx

e Luu y: Néu bai todn khong cho can a, b, ta phai gidi phuong trinh hoanh dé
giao diém f(x) = g(x) dé tim can. Gia si phuong trinh cé hai nghiém x1, X2 (X1

x2), thi S = [xa™x2 |f(x) - g(x)| dx.
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Vi du: Tinh dién tich hinh phang gidi han bai hai dé thiy = x2-2x vay = x.
Giai:

1. Xét phuong trinh hoanh dd giao diém: x2 - 2x = X & x2 - 3x = 0 & x=0 hoac
x=3. Vay hai can la a=0, b=3.

2. Trén doan [0, 3], ta xét dau f(x) - g(x) = (x2 - 2x) - x = x2 - 3x. Bi€u thic nay
= 0 khi x € [0, 3.

3.S = [o®|x? - 3x| dXx = [o03 -(X? - 3x) dXx = [o3 (3x - x2) dx

= [3x2/2 - x3/3]0®> = (27/2 - 27/3) - 0 = 27/6 = 9/2 (dvdt).

2. Tinh thé tich vat thé

a. Thé tich vat thé tron xoay quay quanh truc Ox

Cho hinh phang (H) giéi han bai y = f(x), truc Ox, x=a, x=b. Khi quay (H) quanh
truc Ox, ta dugc mot vat thé tron xoay.

e COng thuc:V = i [aP [f(x)]? dx

Vi du: Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang gidi han bai y
= VX, truc Ox, x=0, x=4 quanh truc Ox.

Giai: Ap dung cbéng thiec:

V =m [o* (VX)? dXx =1 [o* X dX

= 1 [X?/2]0* = (16/2 - 0) = 8m (dvtt).
b. Thé tich vat thé tron xoay quay quanh truc Oy

Cho hinh phang (H) gi6i han bai x = g(y), truc Oy, y=c, y=d. Khi quay (H) quanh

truc Oy, ta dugc mot vat thé tron xoay.

e Cong thuc:V = nt [c [g(y)]? dy
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Vi du: Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang gidi han bai y
= X3, truc Oy, y=1, y=8 quanh truc Oy.

Giai:

1. Tuy = x3, ta cé x = 3Vy. Vay g(y) = y™~(1/3).

2. Ap dung c6ng thc:

V=1 [:18[y™(1/3)]12dy = [18 y™(2/3) dy

=1 * [y~ (5/3) / (5/3)]:® = (3n/5) * [y~ (5/3)]:®

= (3n/5) * (87(5/3) - 17(5/3)) = (3/5) * (32 - 1) = 93m/5 (dvtt).
c. Thé tich vat thé tron xoay gidi han béi hai dudng cong quay quanh Ox

Cho hinh phang (H) gidi han bdi y = f(x), y = g(x) (véi f(x) = g(x) = 0 trén [a,b]),

x=a, x=Db. Khi quay (H) quanh truc Ox.
e Cong thuc:V = it [a*® ([f(x)]? - [g(x)]?) dx

Vi du: Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang giGi han bai y
= X va y = x? quanh truc Ox.

Giai:

1. Phuong trinh hoanh dé giao diém: x = x2 & x2 - x = 0 & x=0 hoac x=1.

2. Trén [0, 1], ta cé x = x2 = 0. Vay f(x) = x, g(x) = x2.

3. Ap dung cong thuc:

V =m [o! (X?-(x?)?) dx =1 [o! (X% - x*) dXx

=n*[x3/3=x>/5]ot =n*(1/3-1/5) = 2n/15 (dvtt).
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