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Tong hop kién thuc: Géc gilta hai dudng thang
trong khong gian (Phuong phap Vector)

Phuong phap vector la mdt c6ng cu manh mé dé gidi quyét cac bai todn hinh
hoc khong gian, dac biét la bai todn tinh géc. Tai liéu nay sé hé théng hda toan
bd ki€én thic lién quan dén viéc xac dinh gbc gilra hai dudng thang bang céch
sir dung vector.

1. Kién thuc nén tang can nhé

Trudc khi di vao ndi dung chinh, chidng ta can 6n lai mot s6 khai niém va cong

thirc co ban vé vector trong khong gian.
1. Vector chi phuong (VTCP) ctia duong thang

Pinh nghia: Vector "vec(u)® (khac wvec(0) ) dugc goi la vector chi phuong

cla duong thang “d’ néu gid cla né song song hodc trung vdi dudng thang “d".

e Néu “vec(u) la moét VICP cta "d” thi "k * vec(u)” (véi "k # 07) cling la mot

VTCP cla 'd". Do dd, mot dudng thang cé vo sé VTCP.

e N&u duding thang “d" di qua hai diém phan biét A va B, thi “vec(AB)" la mot
VTCP cua 'd".

2. Tich vo huéng cua hai vector

Tich v6 huéng la mot phép toan quan trong lién quan dén géc.
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e Cong thuc dinh nghia: vec(a) . vec(b) = |vec(a)| . |[vec(b)| .
cos(vec(a), vec(b)) ', trong dé "(vec(a), vec(b)) la gbc gilra hai vector "a’
va b.

e Cong thuc toa doé (trong hé Oxyz): Cho "vec(a) = (x1, y1, z1) va
“vec(b) = (x2, y2, z2) . Khi dé: "vec(a) . vec(b) = x1*x2 + yl*y2 +
z1*z2".

3. Goc gilura hai vector

Tu cong thic tich v6 hudng, ta suy ra cong thiac tinh cosin cua géc gilra hai
vector:

Cong thuc: cos(vec(u), vec(v)) = (vec(u) . vec(v)) / (Jjvec(u)| . |vec(v)]|)

Luu y: Géc gilta hai vector c6 thé la gdc tu (tir 0° dén 180°).

Il. Pinh nghia va Céng thiic tinh goc giita hai duong thang
1. Pinh nghia

Goc gilra hai dudng thang “d1" va "d2° trong khéng gian la gbc gilta hai dudng
thang “d1" va "d2" cung di qua mét diém O bat ky va 1an lugt song song (hoac
trung) v6i "dl” va "d2".

Tinh chat quan trong: Gdéc gifra hai dudng thang, ky hiéu la " (d1, d2), luén la

g6c khéng tu. Tuc la: "0° = (d1, d2) = 90°".
2. Céng thurc tinh géc bang phuong phap vector

Péay la phan cot 16i ciia chuyén dé. Méi lién hé gilra gdc cha hai dudng thang va

goc cla hai VTCP tuong irng dugc thé hién qua cong thirc sau:
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Goi ‘dl1’ va ‘d2° la hai dudng thang cé VTCP lan lugt la “vec(ul)' va
“vec(u2) . Goi "¢ la géc gilra hai dudng thang “d1°, "d2".
Cong thuc: cos(¢) = |cos(vec(ul), vec(u2))| = (|Jvec(ul) . vec(u2)]|) /
(Jvec(ul)| . |[vec(u2)|)

Giai thich:

e Viéc lay gia tri tuyét doi “|cos(vec(ul), vec(u2))|” dam bdo rang gia tri cosin

cla géc "¢ lubn khéng am.
e Diéu nay phu hop véi dinh nghia gbc gifra hai dudng thang "¢ luén nam

trong khoang [0°, 90°]".

IIl. Phuong phap giai toan téng quat
P& tinh g6c gifra hai dudng thang "d1" va ‘d2’ bang phuong phép vector, ta

thuc hién theo cac budc sau:

1. Budc 1: Tim Vector chi phuong (VTCP)

o X&c dinh VTCP “vec(ul)" cla dudng thang “d1".
o Xac dinh VTCP “vec(u2)' cla dudng thang "d2".

o D€ baitodn don gian, thuong ta sé gan mét hé truc toa do Oxyz thich hgp

vao hinh vé dé xac dinh toa dd cac diém va tir dé suy ra toa dd VTCP.

2. Budc 2: Tinh toan cac gia tri

o Tinh tich v6 huéng: “vec(ul) . vec(u2)".

o Tinh d6 dai mbi vector: *|vec(ul)| va '|vec(u2)| .
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3. Budc 3: Ap dung cdéng thirc
o Thay cac gia tri vua tinh vao céng thic: "cos(dl, d2) = |vec(ul) .

vec(u2)| / (Jvec(ul)| . |vec(u2)]|) .

4. Budc 4: Két luan
o Tu gid tri “cos(dl, d2)" vua tim dugc, sir dung may tinh bo tui (ham

‘arccos’ hodc “SHIFT COS’) dé tim ra so do cla géc.

IV. Vi du minh hoa chi tiét
Vi du 1: Goc gitra hai duong chéo trong hinh lap phuong
Bai toan: Cho hinh lap phuong ABCD.A'B'C'D' c6 canh-bang “a". Tinh goc gilra
hai dudng thang AB' va BC'.
Loi giai:
1. Budc 1: Gan hé truc toa dé va tim VTCP
o Chon hé truc toa dd Oxyz cé goc tai A, truc Ox trung véi AB, Oy trung vdi
AD, Oz trung vai AA".
o Toa db cac dinh lién quan: A(O, 0, 0), B(a, 0, 0), C(a, a, 0), B'(a, 0, a), C'(a,
a, a).
o VTCP cla dudng thang AB' la “vec(AB') = (a-0, 0-0, a-0) = (a, O, a)".

o VTCP clia duding thang BC' la “vec(BC') = (a-a, a-0, a-0) = (0, a, a).

2. Buoc 2: Tinh toan
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o Tich v6 huéng: “vec(AB') . vec(BC') = a*0 + O0*a + a*a=a"2".

o D6 dai vector: “|vec(AB')| = sqrt(a™2 + 072 + a~2) = a*sqrt(2)".

o D6 dai vector: “|vec(BC')| = sqrt(0”2 + a2 + a”2) = a*sqrt(2) .
3. Buéc 3: Ap dung coéng thirc

o “cos(AB', BC') = |a”2]| / ((a*sqrt(2)) * (a*sqrt(2))) = a2/ (2a"2) =
1/2.

4. Budc 4: Két luan

o Vi “cos(AB', BC') = 1/2" nén gdc giilta hai dudng thang AB' va BC' |a 60°.

Vi du 2: G6c giita hai canh doéi trong tu dién déu

Bai toan: Cho t& dién déu ABCD cé canh bang "a’. Chitrng minh rang hai canh

doi AB va CD vubng géc véi nhau.
Loi giai:
1. Budc 1: Tim VTCP (khong can toa do)

o Chon VTCP ctia AB la "vec(ul) = vec(AB) .
o Chon VTCP ctia CD la "vec(u2) = vec(CD) .

o DE tinh tich v6 hudng, ta bi€u dién “vec(CD)" qua cac vector cé chung goc

A: “vec(CD) = vec(AD) - vec(AC) .

2. Budc 2: Tinh tich voé hudng
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o "vec(AB) . vec(CD) = vec(AB) . (vec(AD) - vec(AC)) =

vec(AB).vec(AD) - vec(AB).vec(AC) .

o Vi ABCD la t& dién déu canh a, cdc mat la tam gidc déu. Do do, gdc gilra

hai vector canh bat ky xuat phat t&r mét dinh la 60°.

o “vec(AB).vec(AD) = |vec(AB)|.|vec(AD)|.cos(BAD) = a * a * cos(60°)
=a™2/2.

o “vec(AB).vec(AC) = |vec(AB)|.|vec(AC)|.cos(BAC) = a * a * cos(60°)
=a™2/2.

o Suy ra: "vec(AB) . vec(CD) = a"~2/2-a"2/2=0".

3. Buéc 3 & 4: Két luan

o Vi tich v6 hudng cta hai VTCP bang 0 nén “cos(AB, CD) = 0",

o Vay goc gilra hai dudng thang AB va CD la 90°, tic |a chang vudng goc V4

nhau.

Vi du 3: Gdéc trong hinh chdép

Bai toan: Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh “a’, SA
vudng goc véi mat phang day va SA = “a*sqrt(3)". Tinh géc gilra hai dudng

thang SB va CD.
Loi giai:

Nhan xét: Vi CD // AB nén gdc gilra SB va CD chinh la géc gita SB va AB, tuc la

géc SBA.

Tuy nhién, ta sé gidi bang phuong phép vector dé luyén tap.
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1. Budc 1: Gan hé truc toa dé va tim VTCP
o Chon hé truc toa dd Oxyz cé g6c tai A, truc Ox trung véi AB, Oy trung véi

AD, Oz trung vai AS.

o Toa db céac dinh: A(O, 0, 0), B(a, 0, 0), D(O, a, 0), C(a, a, 0), S(0, 0,
a*sqrt(3)).

o VTCP cla dudng thang SB la “vec(SB) = (a-0, 0-0, 0-a*sqrt(3)) = (a, O,
-a*sqrt(3)) .

o VTCP cla dudng thang CD la “vec(CD) = (0-a, a-a, 0-0) = (-a, 0, 0)".

(Hodc cé thé chon VTCP don gidn hon la (1, 0, 0) vi CD // AB// Ox).

2. Budc 2: Tinh toan
o Tich v6 huéng: “vec(SB) . vec(CD) = a*(-a) + 0*0 + (-a*sqrt(3))*0 = -
a~2".
o D6 dai vector: “|vec(SB)| = sqrt(a”™2 + 072 + (-a*sqrt(3))"2) =

sqrt(a”~2 + 3a~2) = sqrt(4a”~2) = 2a".

o D6 dai vector: “|vec(CD)| = sqrt((-a)~2 + 0°2 + 0°2) = a".

3. Buéc 3: Ap dung coéng thirc

o *cos(SB, CD) = [-a~2|/(2a *a) = a~2/ (2a~2) = 1/2".

4. Buéc 4: Két luan

o GOc gilra hai dudng thang SB va CD la 60°.
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V. M6t so luu y quan trong

e Phan biét géc giira vector va goc giita duong thang: Ludn nhé rang géc
gitra hai dudng thang khéng bao gid la gdc tu. Cdng thirc tinh géc gilta hai

dudng thang c6 dau gia tri tuyét déi 6 tlr s6 chinh la dé dam bao diéu nay.

e Chon hé truc toa do thong minh: Viéc chon géc toa db va cac truc mot
cach khéo |éo (thudng gan vao cac dinh va canh vudng géc vdi-nhau) sé lam
cho viéc xac dinh toa do tré nén cuc ky don gian, gidam thiéu sai sét trong

tinh toan.

e Truong hop dac biét - Vudong goéc: Néu tinh ra tich vo hudng cta hai VTCP
bang 0, ta cé thé két luan ngay hai dudong thang dé vuéng goc véi nhau va
g6c gilra ching bang 90° ma khéng can tinh d6 dai cac vector.

e SU dung tinh chat song song: Trong nhiéu trudng hop, thay vi tinh géc
gita “d1" va 'd2’, ta c6 thé tim mét dudng thang “d3" song song vdGi "d2" va
cat “dl1’. Khi dé *(d1, d2) =(d1, d3) . Pay la phuong phap hinh hoc thuan

tiy nhung cé thé két hgp dé ki€m tra lai két qua clia phuong phap vector.
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