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Tong hop kién thuc vé Bat dang thuc
Bunhiacopxki va Ung dung

Bat dang thic Bunhiacopxki (con dugc biét dén véi tén goi Bat dang thic
Cauchy-Schwarz) la mét trong nhitng bat dang thdc quan trong va ¢é (ng dung
rong rai nhat trong chuong trinh toan hoc pho théng, dac biét trong cac bai
toan chirng minh bat dang thirc va tim gia tri I16n nhat, nho nhat.

1. Pinh nghia va Dang téong quat

Bat dang thidc Bunhiacopxki phat biéu méi quan hé gilta tich cGa téng cac binh

phuaong va binh phuong cta téng céc tich.
Phat bi€u
Cho hai b0 s6 thuc tuy y (a1, az, ..., an) va (b1, bz, ..., bn). Khi dé ta cé:
(aibi:1 + azbz + ... + anbn)? = (@12 + @22 + ... + an?)(b1? + b22 + ... + bn?)
Dau bang xay ra khi nao?

Dau "=" xay ra khi va chi khi hai b6 so ti |é véi nhau, tic la tén tai sé thuc k sao

cho. ai = kbivéi moii =1, 2, ..., n. Hay ndi cach khac:

al/bl - az/bz — sax = an/bn

(Quy udc: néu mau sé bi = 0 thi tu s6 tuong Uing ai = 0).
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2. Cac dang thuong gap

Trong chuong trinh hoc, chidng ta thuong gap cac truong hop cu thé cla bat

dang thuic nay.
a. Dang cho hai bd hai sé (n=2)
Day la dang phé bién nhat & cap THCS va 16p 10.

e Cong thuc: Vai hai bd s6 (a, b) va (x, y), ta cé: (ax + by)? = (a2 + b2)(x2 +
y?)
e Giai thich: Binh phuong cla téng céac tich khéng vugt qua tich cia tong cac

binh phuong.

e Dau bang xay ra khi: a/x = b/y (vGi quy udc x, y = 0).

Vi du 1: Chdng minh rang vGi moi so thuc a, b, x, y, ta luén c6 (3x + 4y)? <

25(x? + y?).

Loi gidi:

Ap dung bat dang thidc Bunhiacopxki cho hai bd sé (3, 4) va (x, y), ta co:
(Bx +4y)2 = (32+4%)(x> + y?) = (9 + 16)(x% + y?) = 25(x% + y?).

Day la diéu phai ching minh. Dau "=" xay ra khi x/3 = y/4.

Vi du 2: Cho x, y la cac so thuc. Chiing minh rang 3x + 2y < V13 néu x2 + y2 =

1.
Loi gidi:
Ap dung bat dang thidc Bunhiacopxki cho hai bd sé (3, 2) va (x, y), ta co:
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(3x + 2y)?> = (32 + 23)(x* + y?) = (9 + 4)(x* + y?) = 13(x* + y?).
Vix?+y2=1nén (3x + 2y)2=<13*1 =13.
Khai can hai vé, ta dugc: -V13 < 3x + 2y < V13.

Vay 3x + 2y < V13. Dau "=" xay ra khi x/3 = y/2 > 0 va x2 + y2 = 1, gidi ra ta

dugc x = 3/V13vay = 2/V13.
b. Dang cho hai bd ba sé (n=3)
Mé rong cho khdng gian ba chiéu, dang nay cling rat hay gap.

e Cong thuc: Vdi hai b0 s6 (a, b, c) va (x, y, z), ta cé: (ax + by + cz)2 = (a2 +
b2 + c?)(x2 + y? + 2?)

o Dau bang xay ra khi: a/x = b/y = c/z (v6i quy udc mau khac 0).

Vi du: Cho cac so thuc x, y, z. Chtng minh rang (x + 2y + 3z)2 < 14(x2 + y2 +

z2).
Loi gidi:
Ap dung bat dang thitc Bunhiacopxki cho hai bd s6 (1, 2, 3) va (x, y, z), ta co:

(I*x + 2*y + 3*2)2 = (12 + 22+ 3?)(x2+y?+22) =(1 +4 +9)(x2+ y2 + 2?) =

14(x? + y? + 72).

Day la diéu phai chiing minh. Dau "=" xay ra khi x/1 = y/2 = z/3.

c. Dang Engel (Dang céng mau)

Pay la mét hé qua truc ti€ép va rat manh cla Bat dang thic Bunhiacopxki,

thudng dugc dung dé tim gia tri nhé nhat.
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e Cong thuc: Cho b0 s6 (a1, az, ..., an) va bd so duong (x1, Xz, ..., Xn). Ta cb:

a12/X1 + a22/x2 + (RN + anZ/Xn Z (a]. + aZ + (RN + an)2 / (Xl + X2 + (RN + Xn)

e Dau bang xay ra khi: ai/x1 = az/x2 = ... = an/Xn.

3. Ung dung tim Gia tri I6n nhat (GTLN)

Pay la moét trong nhitng (ng dung quan trong nhat cta Bat dang thic
Bunhiacopxki. Nguyén tac chung la bién d6i bi€u thirc can tim GTLN vé dang vé
tréi cla bat dang thuc.
Phuong phap chung
P& tim GTLN cla biéu thitc P = ax + by khi biét diéu kién x2 + y2 = C (C la hang
so duong), ta thuc hién cac budc sau:
1. Ap dung BDT Bunhiacopxki cho hai bd sé (a, b) va (x, y):

(ax + by)? = (a2 + b?)(x* + y?)
2. Thay P va diéu kién da cho vao bat dang thuec:

P2 < (a2 + b2)*C

3. Tu dé suy ra khoadng gia tri cua P:

-V( (a2 + b2)*C) =P =V((az + b2)*C)
4. Két luan GTLN cua P la v( (a2 + b2)*C).

5. Tim gié tri cla x, y dé dau "=" xay ra bang cach giadi hé phuong trinh gom

diéu kién dau bang (a/x = b/y) va diéu kién ban dau (x2 + y2 = C).
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Vi du minh hoa chi tiét

Vi du 1: Cho céac so thuc x, y thoa man x2 + y2 = 4, Tim gia tri 16n nhat cua

bi€u thic P = x + 3y.

Loi gidi:

Ap dung bat dang thidc Bunhiacopxki cho hai bd sé (1, 3) va (x, y), ta co;
(1*x + 3%y)? < (12 + 32)(x2 + y?)

& P2 < (1 + 9)(x2 + y2)

Thay diéu kién x2 + y2 = 4 vao, ta duoc:

P2 < 10 * 4 = 40

& -V/40 = P = V40

& -2V10 = P = 2V10

Vay gia tri 16n nhat cta P la 2v10.

Dau "=" xay ra khi x/1 = y/3 va x2 + y2 = 4,

Tu x/1 = y/3 = y. = 3x. Thay vao phuang trinh con lai:

X2+ (3x)2=4ex2+9x2=410x> =4 o x2=2/5ex==xV(2/5).

DE P = x + 3y dat GTLN (duong), x va y phai cung dau. Do dé ta chon x =

V(2/5) = v10/5. Khi dé6 y = 3v10/5.
Vay GTLN cua P la 2V10, dat dugc khi x = v10/5 va y = 3V10/5.

Vi du 2: Cho cac s6 thuc duong a, b thda man a + b = 2. Tim gié tri 16n nhat
cla biéu thirc Q = va + Vb.
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Loi gidi:

Ta c6 Q = 1*Va + 1*Vb. Ap dung bat dang thitc Bunhiacopxki cho hai bd sé (1,
1) va (Va, vb):

(1*Va + 1%Vb)2 = (12 + 1?)((Va)? + (Vb)?)

Q2= (1+1)(a+Db)

Thay diéu kién a + b = 2 vao, ta dugc:
Q?=2*2=4

Vi a, b duong nén Q > 0. Do dd, ta c6 Q =< 2.

Vay qgia tri |én nhat cta Q la 2.

Dau "=" xdy ra khiva/l =Vvb/lvaa+ b = 2.
=a=Db.Kéthgpvdia+b=2 tadugca=b=1.
Vay GTLN cta Q la 2, dat dugc khia =b = 1.

Vi du 3: Cho cac s6 thuc x, y, z thda man x2 + 2y2 + 3z2 = 6. Tim gia tri I6n

nhat cla biéu thite F = x + 2y + 3z.

Loi gidi:

P& &p dung BDT Bunhiacopxki, ta can bién déi bi€u thirc F va diéu kién vé dang
tuong ng.

Ta viét lai F nhu sau: F = 1*x + V2*(V2y) + V3*(V32z).

Ap dung bat dang thic Bunhiacopxki cho hai bd s6 (1, V2, v3) va (x, V2y, V32):

(1*¥x + V2*¥(V2y) + V3*(V32))? = (12 + (V2)2 + (V3)3)(x2 + (V2y)2 + (V32)?)
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o F2 < (142 +3)(x + 2y2 + 322)

Thay diéu kién x2 + 2y2 + 3z2 = 6 vao, ta duoc:

Vay gia tri I16n nhat cta F la 6.

D&u "=" xay ra khi x/1 = (V2y)/V2 = (V3z)/V3 va X2 + 2y? + 322 = 6.
= X =y = z. Thay vao diéu kién ban dau:

X2+ 2x2+3x2=060e0x2=0ex2=1ex==*1,

DEF = x + 2y + 3z = 6x dat GTLN, tachon x = 1. Khidéy =1,z = 1.

Vay GTLN cta F la 6, dat dugc khix =y =z = 1.

4. Luu y quan trong khi ap dung

o Ki€m tra dau bang: Lu6n phai ki€m tra xem ddu bang cé thé xay ra hay
khéng. GTLN/GTNN chi ton tai khi cé cac gia tri cu thé cla bién dé dau bang

Xay ra.

e Lua chon bd so hop ly: Viéc chon cac b6 sé (a, b, c,...) va (x, Y, z,...) la méu
chét clia bai todn. Thuong thi mot bd s6 sé la hang s6 dugc chon dé khép vai
bi€u thic can tim GTLN, bd con lai chta cac bién.

e Phan biét voi BDT AM-GM (Cauchy): BDT Bunhiacopxki ap dung cho cac
so thuc bat ky, trong khi BDT AM-GM thuong dp dung cho céc s6 khéng am.

Day la mot Igi thé Ién chia Bunhiacopxki.
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