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Tong hop kién thic: Ung dung tich phan tinh thé
tich khoi tron xoay quanh truc Oy

Khi mét hinh phang quay xung quanh moét truc trong mat phang, né sé tao ra
mot vat thé tron xoay. Tich phan la cong cu manh mé dé tinh chinh xac thé tich
cla nhiing vat thé nay. Bai viét nay tap trung vao cac phuong phép tinh thé tich

khi hinh phang quay quanh truc tung Oy.

I. Phuong phap dia (Phuong phap cat lat) - Chuong trinh
co ban

Day la phuong phap phé bién nhat trong chuong trinh THPT. Y tudng cua
phuong phap nay la chia khoi tron xoay thanh nhiéu "dia" hinh tru méng xép

chong Ién nhau theo truc Oy. Thé tich cta khai tron xoay bang téng thé tich cua

cac dia dé.
1. Hinh phang giéi han béi mot duong cong x = g(y), truc Oy, va hai
duong thangy =c,y = d

Khi cho hinh phang (H) giéi han bdi dé thi ham sé x = g(y), truc Oy (x=0), va
hai‘dudng thang y = ¢, y = d (véi ¢ d) quay xung quanh truc Oy, ta dugc mot
khoi tron xoay.

e Cong thuc:V =mn fcd [g(y)]? dy

e Giai thich:
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o MOoi lat cat vudng goc véi truc Oy tai diém cé tung do y la mdt hinh tron co

ban kinh R = |g(y)].
o Dién tich cda lat cat nay la S(y) = nR2 = ni[g(y)]>.

o Thé tich cta khoi tron xoay dugc tinh bang céch 1ay tich phan cda dién

tich S(y) theo bién y tir c dén d.

Vi du minh hoa

Vi du 1: Tinh thé tich khdi tron xoay tao thanh khi quay hinh phang gigi han bai

dudng cong x = Vy, truc Oy, va hai dudng thang y = 1,y = 4 quanh truc Oy.
Phéan tich:

e Dudng cong: x = g(y) = Vy

e Candudi:c=1

e Cantrén:d =4

Gidi:

Ap dung cdng thic, ta cé thé tich khéi tron xoay la:
V=n/*(yrdy=n[tydy

V =1 [y?/2] |14 =T (42/2 - 1%2/2) =n (16/2 - 1/2) = n (15/2) = 7.51 (dvtt)

Vi du 2: Tinh thé tich khéi tron xoay thu dugc khi quay hinh phang giGi han bai

parabol (P): y = x2 va dudng thang y = 2 quanh truc Oy.

Phén tich:
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TUy = x2, ta suy ra x = =Vy. Vi hinh phang d6i x&tng qua Oy, ta chi can xét

nhanh x = vy (v8i x = 0) r6éi quay quanh Oy.

Hinh phang gidi han bdi x = Vy, truc Oy (x=0),y =0vay = 2.

Candugi:c=0

e Cantrén:d =2
Giai:
Ap dung cbéng thuc, ta cé:
V=mfy? (Vy)dy =mnf?ydy
V =1 [y?/2] |02 = 11 (22/2 - 0%/2) = 2mn (dvtt)
2. Hinh phang giéi han béi hai duong cong x = gi(y), x = gz=(y) va hai
duong thangy =c,y =d
Xét hinh phang (H) gidi han bdi hai dé thi ham sé x = gi(y), x = gz(y) (gid st 0
< g1(y) < gz(y) trén [c, d]) va hai dudng thang y = ¢, y = d. Khi quay (H) quanh
truc Oy, ta dugc mét khoi tron xoay c6 phan rong & gida.
« Cong thuc:V = m J 9 ([92(y)]? - [9:(y)]?) dy
e Gidi thich:
o Phuong phap nay con goi la phuong phap "vong dém" (washer method).
o MOi lat cat vudng goc véi truc Oy tai y la mot hinh vanh khan.
o Ban kinh vong tron I6n la R = gz(y), ban kinh vong tron nhé la r = ga(y).

o Dién tich hinh vanh khan la S(y) = nR2 - nr2 = n([g2(y)]? - [g1(y)]?).

Vidocu.com - Chia sé tai liéu hoc tdp mién phi Trang 3/7



o Lay tich phan cla dién tich nay tur c dén d ta dugc thé tich can tim.

Vi du minh hoa

Vi du 1: Tinh thé tich vat thé tron xoay sinh ra khi cho hinh phang gidi han bai

hai dudng x = y? va x = 2 - y2 quay quanh truc Oy.
Phéan tich:

e TIMmgiao diém:y2=2-y2e2y2=2ey2=1ey==+1.Vaycan tich phan la

c=-1,d=1.
e Trén[-1,1],tacdéy?2<1,dodd 2 -y2=1.Vay gz(y) = 2 - y2va gi(y) = y2.
Gidi:
Ap dung cbéng thuc, ta cé:
V=m/ 22 - (y?)?] dy
V=n/ t@a-ay2+yi-y)dy=ny 1 @-ay?)dy

V =mn[4y - 4y3/3] |_11 =mn[(4-4/3)-(-4 +4/3)] =n[8/3-(-8/3)] = 16m/3 (dvtt)

Il. Phuong phap vo tru (Phuong phap nang cao)

Phuong phap nay dac biét hitu ich khi hinh phang dugc cho bdi ham y = f(x) va

quay quanh truc Oy, vi ta khdong can phai biéu dién x theo .
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1. Hinh phang giéi han béi y = f(x), truc Ox, va hai duong thang x = a,
x=Db

Xét hinh phang gigi han béi dé thi y = f(x) (f(x) = 0), truc Ox (y=0), va hai
dudng thang x = a, x = b (vdi 0 < a b). Khi quay hinh phang nay quanh truc Oy,
ta tao ra mot khoi tron xoay.

e CONng thuc:V = 2n fab x * f(x) dx

e Giai thich:

o Ta chia khoi tron xoay thanh céac "vé tru" mong déong tam.

O

Moi vo tru cé ban kinh x, chiéu cao f(x) va d6 day dx.

O

Dién tich xung quanh cua vo tru la 2mnx * f(x).

o

Thé tich cla vo tru la dV = 2nx * f(x) dx.

Lay tich phan tir a dén b ta dugc tong thé tich.

O

Vi du minh hoa

Vi du 1: S dung phuong phép vo tru dé tinh thé tich khoi tron xoay tao thanh

khi quay hinh phang giéi han badi y = 2x2 - x3, truc Ox quanh truc Oy.

Phéan tich:

e Tim giao diém VvGi truc Ox: 2x2-x3 =0 e x2(2 - x) = 0 & x = 0 hodc x = 2.
e Cantichphanlaa=0,b = 2.

e Ham sé f(x) = 2x2 - x3.

Giai:
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Ap dung céng thic vo tru:

V =2n foz X(2x2 - x3) dx = 21 foz (2x3 - x4) dx

V = 21 [2x%/4 - x*/5] |2 = 21 [x#/2 - x3/5] | 2

V = 2n [(24/2 - 25/5) - 0] = 2n (16/2 - 32/5) = 2n (8 - 32/5) = 2n (40/5 - 32/5) =
16m/5 (dvtt)

IIl. Badng so sanh tinh thé tich quay quanh Ox va Oy

Quay quanh truc Oy

Tiéu chi Quay quanh truc Ox

(Phuong phap dia)

Bi€n cla ham s6 va y = f(x), tich phan x = g(y), tich phan theo bién
tich phan theo bién x y
Cong thic co ban (1

V=n P irordx  v=mnf gy dy
duong cong)

Cong thirc (2 dudng V=n[PIfher-  V=m] gy - [gay)P
cong) [f2(x)]?] dx dy
Ban kinh Iat cat R = |f(x)] R = |g(y)]

IV. Cac budc gidi bai toan
1. Phan tich bai toan: Xac dinh ré hinh phang dugc gidi han béi nhimg dudng

nao.
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2. Vé hinh (khuyén khich): V& hinh phang gitp hinh dung ré han vé vat thé

va xac dinh can tich phan.
3. Xac dinh truc quay: Bai todn yéu cau quay quanh truc Oy.
4. Chon phuong phap:

o Néu céc duong cong dé dang biéu dién dudi dang x = g(y), hay dung

phuong phap dia. bay la phuong phép co ban.

o Néu céc duong cong dugc cho dudi dang y = f(x) va viéc chuyén sang x =

g(y) khé khan, hay can nhac phuong phap vo tru.

5. Thiét 1ap tich phan:
o Xac dinh céc can tich phan (c, d) trén truc Oy (phuong phép dia) hoac (a,

b) trén truc Ox (phuong phap vo tru).

o Lap dung cbdng thirc da chon.

6. Tinh tich phan va két luan: Thuc hién phép tinh tich phan dé tim ra thé

tich va ghi don vi (dvtt - don vi thé tich).
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