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Toéng quan vé bai todn cuc tri ham sé béac ba

Bai todn tim diéu kién cta tham s6 m dé ham s6 bac bay = ax® + bx2 + cx +
d (a # 0) thda man mot diéu kién nao dé vé cuc tri la mét dang todn quan
trong va thuong xuat hién trong cac ky thi. D€ gidi quyét dang toan nay, hoc
sinh can nam vitng cac budc co ban va cac truong hop cu thé.,

I. Cac budc gidi chung

1. Tap xac dinh: D = R.

2. Tinh dao ham: y' = 3ax? + 2bx + c.

3. Xét phuong trinh y' = 0: 3ax? + 2bx + ¢ = 0 (*). Day la mdt phuong trinh
béc hai. S6 diém cuc tri cda ham soé phu thudc vao s6 nghiém phan biét cla

phuong trinh (*).

4. Bién luan theo A' (hoac A) cua phuong trinh (*): A' = b2 - 3ac.

Diéu kién

Sd nghiémcuay' =0 Két luan vé cuc tri

cua A'

y' = 0 cé 2 nghiém phan Ham s6 cé 2 diém cuc tri (1 cuc
A'">0

biét dai, 1 cuc tiéu)

y' = 0 cé nghiém kép hoac
A'<0 Ham s6 khong cé cuc tri

v nghiém
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Il. Cac dang bai toan thuong gap
Dang 1: Tim diéu kién d€ ham sé cé hoac khdéng cé cuc tri
1. Kién thic can nhé

e Ham so cé 2 diém cuc tri (cuc dai va cuc tiéu) « Phuong trinh y' = 0 c6 2

nghiém phan biét & A' = b2 - 3ac > 0.

e Ham s6 khong cé cuc tri & Phuong trinh y' = 0 cé nghiém kép hoac vo

nghiém o A' = b2 - 3ac = 0.
2. Vi du minh hoa

Vi du 1: Tim tat ca cac gia tri cia tham s6é m dé ham sy = x3 - 3mx2 + 3(m?2 -

1)x - m3 + m c6 hai diém cuc tri.

Giai:

1. Tap xac dinh: D = R.

2. y'=3x2-6mx + 3(m?-1).

3. D€ ham s6 cé hai diém cuc tri, phuong trinh y' = 0 phai c6 hai nghiém phan
biét.
& 3x%2 - 6mx + 3(m2-1) = 0 cé hai nghiém phan biét.
& X2 -2mx + m2 -1 = 0 co6 hai nghiém phan biét.

4, XétA'=(-m)2-1(m2-1)=m2-m2+1=1.

5. ViA'=1 > 0 v8i moi m, nén phuong trinh y' = 0 luén c6 hai nghiém phan
biét.

6. Vay, ham s6 luén c6 hai diém cuc tri véi moi gia tri ciia m.
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Vidu 2: Timm dé hamsoy = (1/3)x3 - (m-1)x2 + (2m-3)x - 1 khéng cé cuc tri.

Giai:

1. Tap xac dinh: D = R.

2. y' =x2-2(m-1)x + (2m-3).

3. Ham s6 khoéng c6 cuc tri khi phuong trinh y* = 0 v6 nghiém hoac cé nghiém
kép.
o A' =< 0.

4, A' =[-(m-1)]?-1(2m-3) =m?-2m+ 1-2m+ 3 =m2-4m + 4 = (m-2)2.

5. A'=0e (m-2)2 <0.

6. Vi (m-2)2 = 0 véi moi m, nén diéu kién (m-2)2 < 0 chi xay ra khi (m-2)2=0 &

m = 2.
7. Vay, véi m = 2 thi ham s6 khong c6 cuc tri.
Dang 2: Diéu kién vé vi tri hoanh dé cac di€m cuc tri
1. Kién thuc can nhé

Gid s ham s6 c6 hai diém cuc tri v6i hoanh dd la x1, x2. Khi dé x1, x2 la hai

nghiém cua phuong trinh y' = 0. Ta ap dung hé thuc Vi-ét:
e Tong hai nghiém: S = x1 + x2 = -2b / 3a

e Tich hai nghiém: P = xax2 = ¢/ 3a

Mot s6 diéu kién thuong gap:

e Hai cuc tri c6 hoanh d6 duong: A' > 0,S>0,P > 0.
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e Hai cuc tri c6 hoanh d6 am: A'> 0,50, P> 0.
e Hai cuc tri c6 hoanh do trai dau: A' > 0, P 0.
e Hai cuc tri nam vé hai phia cla dudng thang x = k: (x1 - k)(xz - k) 0.

2. Vi du minh hoa

Vidu 1: Timm dé hamsoy = (1/3)x3 - mx2 - X + m + 1 ¢6 hai diém cuec tri xa,

X2 thda man xi12 + x22 = 2.

Giai:

1. Tap xac dinh: D = R.

2. y'=x%2-2mx - 1.

3. D€ ham so c6 hai diém cuc tri, y' = 0 phai ¢é hai nghiém phan biét.
A'=(-m)2-1(-1)=m2+ 1.Vim2+ 1 > 0 véi moi m nén ham s6 luén co hai
diém cuc tri.

4. Theo hé thic Vi-ét, ta c6: xa + X2 = 2m va xaxz = -1.

5. Theo dé bai: x12 + x22 = 2
e (X1 + X2)2 - 2XaX2 = 2
o (2m)2-2(-1) =2
o4dm2+ 2 =2

o4dm2=0em = 0.

6. Vay m = 0 la gid tri can tim.
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Dang 3: Bai todn vé duong thang di qua hai di€m cuc tri
1. Kién thiuc can nhé
Pé& viét phuong trinh dudng thang di qua hai diém cuc tri A(xz, y1) va B(xz, y2),
ta cé thé dung phuong phap chia da thirc.
e Thuc hién phép chia y cho y': y = q(x) *y' + r(x), trong do r(x) la‘da thic
du cé bac nhé hon bac clda y' (tdc la bac 1 hoac 0).
e Tai cac diém cuc tri, y'(x1) = 0 va y'(xz2) = 0.
e Do do, y1 = q(x1) * y'(x1) + r(x1) = r(x1) va y2 = q(xz2) * y'(Xx2) + r(xz) = r(x2).
e Vay hai diém cuc tri A, B cing nam trén dé thj ham s6 y = r(x).
e Phuong trinh dudng thang di qua hai diém cuc tri la y = r(x).
2. Vi du minh hoa
Vi du 1: Viét phuong trinh dudng thang di qua hai diém cuc tri ctia doé thi ham
SOy = x3-3x2+ 2.
Giai:
1. y' = 3x2-6X. Choy' = 0 & 3x(x-2) = 0 & x=0 hodc x=2. Ham s6 c6 hai diém
cuc tri.

2. Thuc hién phép chia y cho y"

(x3=3x%24+ 2) : (3x% - 6X)

3. Tacd :y =(1/3*x-1/3) *y'-2x + 2.

Vay da thic du la r(x) = -2x + 2.

4. Phuong trinh dudng thang di qua hai diém cuc trilay = -2x + 2.
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Vi du 2: Tim m dé€ hai diém cuc tri cia d6 thi ham s6 y = x3 - 3mx + 2 nam

trén dudng thangy = x + 2.

Giai:

1. y' = 3x2-3m. DE ham s6 cb 2 cuc tri, y' = 0 cd 2 nghiém phan biét « 3x2 =
3m c6 2 nghiém phan biét & m > 0.

2. Thuc hién phép chiay cho y":

y = (1/3 * x) * (3x2-3m) - 2mx + 2.
3. Phuong trinh dudng thang di qua hai diém cuc tri la d: y = -2mx + 2.

4. P& hai diém cuc tri nam trén dudng thang y = x + 2, dudng thang d phai

tring véi dudng thangy = x + 2.

5. Diéu nay xay ra khi: {-2m=1,2 =2} e m = -1/2.
6. K&t hgp véi diéu kién m > 0, ta thay khong ¢6 gia tri m nao thdoa man.
Dang 4: DPiéu kién vé gia tri cuc tri va khoang cach

1. Kién thuc can nhé

Giad st hai diém cuc tri la A(x1, y1) va B(xz2, y2).

e Hai cuc tri nam vé hai phia truc Ox e y1 * y2 0.

e Hai cuc tri nam vé cung mot phia truc Ox < y1 * y2 > 0.

e Khodng cach gilta hai di€m cuc tri: AB = V[(x2 - Xx1)2 + (y=2 - y1)2].

2. Vi du minh hoa

Vi du 1: Tim m dé do thi ham s6 y = x3 - 3x2 + m ¢6 hai diém cuc tri nam vé
hai phia cta truc hoanh.
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Giai:
1. y' =3x?2-6X.Choy'=0 e 3x(x-2) = 0 & x=0 hoac x=2.

2. Ham so6 luén c6 hai diém cuc tri véi moi m. Hoanh dd cac diém cuc tri la x1 =
0, x2 = 2.
3. Tung do cac diém cuc tri:
y1 =y(0) =m
y2=Vy(2)=23-3(2)2+ m=8-12+ m=m - 4.
4. Hai diém cuc tri nam vé hai phia truc Ox & y1 *y2 0.
o m(m - 4) 0.

< 0m4.

5. Vay 0 m 4 la céac gia tri can tim.
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