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Tong hop kién thiac Bat dang thic Co-si va
Bunhiacopxki

Bat dang thdc la mét trong nhiing chuyén dé quan trong va thd vi nhat trong
chuong trinh Todn hoc phé théng. Trong dd, bat dang thic Co-si (AM=-GM) va bét
dang thdc Bunhiacopxki (Cauchy-Schwarz) la hai cdng cu nén tang va manh mé
nhat, xuat hién xuyén sudt tur I6p 10 dén cac ky thi hoc sinh gidi va tuyén sinh
dai hoc. Tai liéu nay sé hé théng hdéa moét cach day da va chi tiét kién thic vé

hai bat dang thdc nay.

I. Bat dang thuc Co-si (AM-GM)

Bat dang thirc Co-si, con cb tén goi quoc té la bat dang thic AM-GM (Arithmetic
Mean - Geometric Mean), la bat dang thic so sédnh gilra trung binh cong va

trung binh nhan cta cac s6 khong am.
1. Bat dang thuic €C6-si cho 2 s6 khong 4m

e Cong thuc: V3i hai s6 khong am a, b, ta luén cé: (a + b)/2 = vab hodaca +

b = 2vab.

e Giai thich: Trung binh cdng cua hai s6 khong &m luén I6n haon hoac bang

trung binh nhan cda chung.

e Dau "=" xay ra khi:a = b.
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Vi du minh hoa:
1. Vi du 1: Cho x, y la cac s6 duong. Chirng minh rang: (x + y)(1/x + 1/y) = 4.
Loi gidi:
Ap dung Bat dang thic Co-si cho hai s6 duong x va y, ta co:
X +y=2Vxy (1)
Ap dung Bat dang thic Co-si cho hai s6 duong 1/x va 1/y, ta cé:
1/x + 1ly = 2v(1/(xy)) (2)
Vi cd hai vé cula (1) va (2) déu duong, ta nhan vé theo vé:
(X + y)(1/x + 1/y) = 2Vxy * 2V(1/(xy)) = 4V(xy * 1/(xy)) = 4
Vay (x + y)(1/x + 1/y) = 4. Dau "=" xay ra khi x =.
2. Vi du 2: Tim gia tri nhd nhat (GTNN) cua biéu thirc A = x + 9/x vGi x > 0.
Loi gidi:
Vi x > 0 nén 9/x cling la s6 duong. Ap dung Bat dang thitc Co-si cho hai sé
duong x va 9/x, ta co:
A=X+9/x=2V(x*9/x) =2V9 =2 *3 =6.

Vay GTNN cla A la 6. Dau "="xady rakhix =9/x ® x2=9 e x = 3 (vi x > 0).

2. Bat dang thuc Co6-si cho 3 s6 khong am

e Cong thuc: Vai ba so6 khong am a, b, ¢, ta ludn cé: (a + b + ¢)/3 = 3V(abc)

hodaca + b + ¢ = 33V(abc).
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e Giai thich: Trung binh cdng cla ba s6 khéng am luén 16n hon hoac bang

trung binh nhan cuda chuing.

o Dau "=" xay ra khita = b = c.

Vi du minh hoa:

1. Vidu 1: Cho a, b, c la cac sé duong. Chitng minh rang (a + b + ¢)(1/a + 1/b
+ 1/c) = 9.
Loi gidi:
Ap dung B&t dadng thic Co-si cho ba sé duong a, b, ¢, ta cé:
a+ b+ c=33V/(abc) (1)
Ap dung Bat dang thic Co-si cho ba s6 duong 1/a, 1/b, 1/c, ta cé:
1/a + 1/b + 1/c = 33V(1/(abc)) (2)
Nhan vé theo vé cta (1) va (2) (do cac vé déu duong), ta dugc:
(@ + b+ c)(1l/a + 1/b +1/c) = 33V(abc) * 33V(1/(abc)) = 9
Dau "=" xdy ra khia = b = c.

2. Vi du 2: Cho céc s6 duong a, b, c. Chirng minh rang: a3/b + b3/c + c3/a = ab
+ bc + ca.
Loi gidi:
Ap dung BDT Cb-si cho 2 sé duong, ta co;

a3/b + ab = 2v(a3/b * ab) = 2V(a*) = 2a2

b3/c + bc = 2vV(b3/c * bc) = 2V(b*) = 2b?2
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c3/a + ca = 2V(c3/a * ca) = 2V(c*) = 2¢?

Cong vé theo vé& ba bat dang thuic trén:

a3/b + b3/c + c3/a + (ab + bc + ca) = 2(a? + b? + ¢?)
= a3/b + b3/c + c3/a = 2(a% + b? + ¢?) - (ab + bc + ca)

Mat khac, ta c6 mot BDT quen thudc: a2 + b2 + c2 = ab + bc + ca (chiung
minh bang cach nhan 2 vé vai 2 va chuyén vé thanh (a-b)? + (b-¢)? +(c-a)? =

0).
Do dd: 2(a2 + b2 + c2) - (ab + bc + ca) = (a2 + b2+ ¢2) + (a2 + b2 + c2 - ab -

bc - ca) = ab + bc + ca.

TU d6 suy ra diéu phai chiing minh. Dau "=" xady ra khia = b = c.

3. Bat dang thuc Co-si cho n s6 khéng am (Dang tong quat)

e Cong thuc: V4i n s6 khdéng am as, az, ..., an, ta cé: (a1 + @z + ... + an)/n =
nv(aiaz...an).

e Dau "=" xay ra khi:a:1 = a2 = ... = an.

4. Cac hé qua va ky thuat ap dung

a. Méi quan hé giirta Téng va Tich

e Néu céc so6 duong c6 téng khéng daéi (S), thi tich cla ching (P) dat gia tri I6n
nhat khi cac s6 dé bang nhau.

e Néu cac so6 duong cé tich khéng déi (P), thi tdng cla ching (S) dat gia tri nho

nhat khi cac s6 dé bang nhau.
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Vi du: Tim hai sé duong cé téng bang 20 sao cho tich cta chdng la 16n nhat.

Loi gigi: Goi haiso délaavab(a,b>0). Tacéa+ b=20.Cantim GTLN cta P
= ab. Theo BDT Co6-si: a + b = 2vab = 20 = 2vab = 10 = Vab = ab = 100. Vay

GTLN cua P la 100, dat dugc khia = b = 10.
b. Ky thuat "chon diém roi"

Day la ky thuat dung dé tim GTNN, GTLN khi dau "=" cla BDT Cé-si khong xay
ra tai cac gia tri bang nhau cla bién s6 ban dau. Ta can bién déi bi€u thic dé

cac s6 hang ap dung BDT Co-si bang nhau tai diém ma ta du doan la cuc tri.
Vi du: Tim GTNN cuUa bi€u thiic A = x + 1/(x-2) véi x > 2.
Loi gidi:

Ta dy dodn GTNN dat dugc khi x-2 va 1/(x-2) bang nhau, tldc la (x-2)2 = 1 = x-2

DE& ap dung Cob-si, ta can tao ra sé hang (x-2). Ta viét lai bi€u thic A nhu sau:
A=(x-2)+1/(x-2)+ 2

Vi x > 2 nén x-2 > 0. Ap dung BDT C6-si cho hai s6 duang (x-2) va 1/(x-2):
(Xx-2)+ 1/(x-2) =2V((x-2)*1/(x -2)) = 2.

Do d6, A=2 + 2 =4,

Vay GTNN clia Ala 4. Dau "="xayrakhix-2=1/(x-2) e (x-2)2=1ex =13

(thda man x > 2).
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Il. Bat dang thuc Bunhiacopxki (Cauchy-Schwarz)

Bat dang thdc Bunhiacopxki (tén quéc té |a Cauchy-Schwarz) la mét bat dang
thirc quan trong dung dé danh gid moi quan hé gilra tong cac binh phuong va
binh phuong cla téng. Bat dang thirc nay ap dung cho cac b s6 thuc bat ky.

1. Bat dang thic Bunhiacopxki cho hai cap sé

e Cong thuc: V4i hai cap so thuc (a, b) va (x, y), ta cé: (a2 + b2)(x2 + y?) =

(ax + by)=2.

e Giai thich: Tich cla téng cac binh phuong cta hai bo s6 luén 16n hon hoac

bang binh phuong cla téng céc tich tuang Ung.

e Dau "=" xay ra khi:a/x = b/y (vGi quy udc néu mau bang 0 thi ti ciing

bang 0).
Vi du minh hoa:
1. Vi du 1: Cho céac so thuc x, y théa man 3x + 4y = 10. Tim GTNN cUa biéu
thic P = x2 + y2.
Loi gidi:
Ap dung BDT Bunhiacopxki cho hai bd sé (3, 4) va (x, y):
(32 + 42)(x% + y?) = (3x + 4y)?
& (9 + 16)(x% + y?) = 102
e 25*P =100

oP=14
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Vay GTNN cua P la 4. Dau "=" xay ra khi x/3 = y/4. Két hop véi 3x + 4y = 10,

ta gidi hé va dugc x = 6/5, y = 8/5.
2. Vidu 2: Cho x, y la cac s6 thuc thda man x2 + y2 = 1. Tim GTLN va GTNN
cla biéu thic F = x + 3y.
Loi gidi:
Ap dung BDT Bunhiacopxki cho hai bd s6 (1, 3) va (x, y):
(12 + 32)(x? + y?) = (1*x + 3*y)?
o (1+9)(1)=F?
< 10 = F?
e V10 = F = V10

Vay GTLN cua F la V10 va GTNN cua F la -v10.,

2. Bat dang thic Bunhiacopxki cho n cap sé (Dang tong quat)

e Cong thuc: V4i hai bd n so thuc (a1, az, ..., an) va (b1, bz, ..., bn), ta cé:(a12 +

az2 + ... + an?)(b1%2 + b22 + ... + bn2?) = (a1b1 + azbz2 + ... + anbn)?

e Dau "=" xay ra khi:ai/b: = az/bz = ... = an/bn (Vi quy uéc néu mau bang
0 thi ta cling bang 0).

3. Dang cong mau (Bat dang thuc Schwarz)

Pay la mot hé qua truc tiép cla BDT Bunhiacopxki, rat hitu ich trong viéc chiing

minh cac BDT cé dang phan thuc.
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e Cong thuc: VGi cac s6 thuc x1, Xz, ..., Xn Va céc s6 thuc duong as, az, ..., an, ta

an)

Dau "=" xay ra khi:xa/a1 = x2/az = ... = Xn/an.

Vi du minh hoa:

1.

Vi du 1: Cho a, b, c la cac s6 thuc duong. Chirng minh rang: 1/a+ 1/b + 1/c
= 9/(a+b+c).

Loi gidi:

Ta viét lai vé trdi: 1/a + 1/b + 1/c = 1%/a + 12/b + 12/c.

Ap dung BDT Schwarz vdi xa=1, x2=1, xs=1 va a1=a, az=b, as=c, ta c6:
12/a+ 12/b+ 1%/c=(1+1+1)?2/(a+b+c)=9/(a+ b+ ).

Dau "="xdyrakhil/a=1/b=1/cea=Db=c.

. Vidu 2: Cho a, b, c la cac sé thuc duong. Chitng minh: a%/(b+c) + b?/(c+a) +

c?/(a+b) = (a+b+c)/2.

Loi giai:

Ap dung BDT Schwarz véi x1=a, x2=b, xs=c va cdc mau sé tuong Ung la
ai=b+c, az=c+a, as=a+b (déu la cac s6 duong), ta cé:

a?/(b+c) + b?/(c+a) + c?/(a+b) = (a+b+c)?/ ((b+c) + (c+a) + (a+Db))

< a?/(b+c) + b?/(c+a) + c?/(a+b) = (a+b+c)?2/ (2a + 2b + 2¢)

< a?/(b+c) + b?/(c+a) + c?/(a+b) = (a+b+c)?2/ 2(a+b+c) = (a+b+C)/2.
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Dau "=" xay ra khi a/(b+c) = b/(c+a) = c/(a+b) ® a=b = c.

Ill. BAng so sanh nhanh BDT Co6-si va BunhiacopxKki

Tiéu chi

Diéu kién
ap dung
Dang co
ban (2

sd/cap)

Da’u nu_n

xay ra

Ung dung

chinh

Bat dang thuc Co-si

(AM-GM)

Cac sb phai khéong am.

a+b=2Vab

So sanh trung binh cong

va trung binh nhan.

Khi céc s6 bang nhau (a

=b=c=..).

Tim GTLN, GTNN khi
biét téng hoac tich
khéng dgGi. Chiing minh
BDT lién quan dén téng

va tich.
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Bat dang thuc Bunhiacopxki

(Cauchy-Schwarz)

Céc so la so6 thuc bat ky.

(a2 + b?)(x? + y?) = (ax + by)?

So sanh tich cla téng cac binh
phuaong véi binh phuong cla téng cac

tich.

Khi cac b6 s6 ti I1é véi nhau (a/x = b/y

= ...).

Tim GTLN, GTNN khi cé diéu kién rang
budc dang tuyén tinh hodc téng binh
phuong. Ching minh BDT lién quan

dén tong binh phuaong.
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IV. Loi két

Nam virng céng thic, diéu kién ap dung, va dau bang xay ra cta hai bat dang
thirc Co-si va Bunhiacopxki la chia khéa dé giadi quyét mét I6p bai toan rat 16n
vé bat dang thdc va tim gid tri I6n nhat, nho nhat. Diéu quan trong nhat la
luyén tap thuong xuyén qua nhiéu dang bai tap khac nhau dé hinh thanh ky

nang nhan dang va bién dadi linh hoat. Chuc cac ban hoc tot!
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